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Abstract: This paper outlines the general characteristics of variance-based sensitivity analysis 
and their advantages with respect to other concepts of sensitivity analysis. The main benefit 
are qualitative and quantitative correct results independent of the model characteristics. The 
author focuses on kinematic positioning as required for car navigation, driver assistance 
systems or machine guidance. The paper compares two different Kalman filter approaches 
using variance analysis and variance-based sensitivity analysis. The approaches differ with 
respect to their measurement quantities (input), their state quantities (output), as well as their 
dynamic vehicle model. The sensitivity analysis shows that each model has its different 
advantages and input-output relations. Furthermore it is shown that the variance-based 
sensitivity analysis is well suited to detect the share of the influence of the input quantities on 
the output quantities, here the estimated positions. Even more important, changes in 
deterministic and stochastic models lead to obvious effects in the respective variances and 
sensitivity measures. This emphasises the possibility to optimise the filter models by use of 
the variance-based sensitivity analysis.  

1. Introduction - Sensitivity Analysis for Geodetic Purpose 
In geodesy measurements are evaluated using models: models for the atmosphere, models for 
the reduction of a distance to the ellipsoid, models for the movement of a landslide or a car or 
an aeroplane, and so on. The input for theses models are the measurement quantities and the 
output are the corrected or reduced measurements, the estimated co-ordinates and other 
parameters. Sensitivity analysis investigates the relationship between input quantities and 
output quantities of any model. In [6] an overview about the methods is given. From the same 
book the general definition is taken: “Sensitivity analysis studies the relationships between 
information flowing in and out a model”. 

Discussing the estimation of co-ordinates in geodetic networks the geodesists deal with linear 
or linearised models for the determination of co-ordinates. For these models sensitivity 
analyses among input and output quantities may be realised using linear methods like 
variance-component estimation. Additionally the sensitivity of the linear models against 
deformation models or gross errors may be tested by statistical methods. In general these 
methods are called sensitivity analyses in engineering geodesy. All these methods are of local 
nature, because they depend on the chosen reference points; for geodetic networks these are 

3rd IAG / 12th FIG Symposium, Baden, May 22-24, 2006



  
 
 
 
the approximated co-ordinates. The models used are linear per definition. For these linear 
analysing methods the following problems occur: 

• the models analysed are frequently non-linear, 
• the linearisation has to deal with inaccurate or falsly approximated values leading to 

a local maximum and not the global one and 
• sometimes the model characteristics are even unknown. 

In case of an unknown model, a so-called black-box model, we need a method giving us 
quantitatively correct results independently of the model characteristics. Such a sensitivity 
analysis method is called model-free. The results should not be related to a local reference 
point, thus the method should deliver global valid results. 

2. Variance-based Sensitivity Analysis 
Within this paper the focus is on global and  model-free sensitivity analysis methods. These 
methods are sample-based meaning that they use Monte Carlo simulation. The general 
procedure to get sensitivity measures for sample-based sensitivity analysis methods is given 
in the following (see e.g. [6], [9]): 

1. Definition of probability distribution functions for the input quantities 
2. Generation of samples using the defined probability distributions 
3. Evaluation of the model using the generated sample 
4. Analysis of the output variance  
5. Sensitivity analysis of the output variance in relation to the variation of the input 

quantities 
The analysis of the output variances with respect to the input variances leads to the term 
variance-based sensitivity analysis. The paper deals with variance analysis and variance-based 
sensitivity analysis. The fundamentals of variance analysis are not discussed here. 

The basic sensitivity measures used for variance-based sensitivity analysis are the variances 
of the conditional expectation values 2

( / )iE Y Xσ  for an output quantity Y . The variances are 

generated holding one input quantity iX  at its true value X~ . In reality this true value is not 
known. Thus special sample algorithms have to be applied to average above all possible 
values. If several input quantities exist and are varied at the same time, one talks about multi-
dimensional averaging. In general the variance of the conditional expectation values itself is 
not of importance for the analyser. The influence share of the variation of iX  on the variance 

2
Yσ  of Y as a normalised or relative information is preferred. The sensitivity indices of first 

order, respectively correlation ratios or measures of importance, are estimable on the basis of 
2

( / )
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The multidimensional averaging is responsible for the conditional expectation value in 
equation (1) and leads to a large value of iS  in the case of a large influence of the respective 

input quantity and vice versa [7].  For additive models 1
1

=∑
=

n

i
iS  hold true. In case of 

interactions among input quantities - with other words the model is non-additive - this 
equation is not valid anymore. But in any case the equation 
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comprises all possible sensitivity indices. Here the indices with i and j symbolize effects of 
second order meaning two input quantities interact, the indices with i, j and k stand for the 
interaction of three input quantities and so on. Equation (2) also shows that in case of a non-
additive model the sum of first order sensitivity indices is below 1. Additionally this equation 
gives the idea to compute the total effect of one input quantity covering all dimensions 
respectively orders up to n. The method is to fix all input quantities apart the one under 
investigation 

1 2 1 1 ~

2 2
( / , , , , , ) ( / )i i n iE Y X X X X X E Y Xσ σ

− +
=… … . (3) 

Now the variance of the conditional expectation value describing the variation of all input 
quantities apart from iX  is determined. Therefore one gets the sensitivity measure for iX , the 
total effect TiS , for all influences of iX  with the help of equations (1) and (2)  

 ~
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The total effects are quantitatively correct measures for the overall influence of each input 
quantity independent of the model characteristics. Consequently non-additive models can be 
analysed too. Due to equation (2) the sum of total effects TiS  above all n input quantities will 
not give 1. The following equation respectively unequation allows to distinguish between 
additive and non-additive models:  

1
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additive models:            1,

non additive models:      1.
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The different indices may be computed in the original multi-dimensional space using a special 
sample scheme for the correct generation of the conditional variances. This numerical stable 
method is named after SOBOL, who developed this method [10]. Regarding equation (2) 
obviously numerous computations have to be realised, if the sensitivity indices have to be 
determined for all input and output quantities. Due to the costly computations an alternative 
sampling procedure using the frequency domain was developed at first in [2]. Fundamentally 
each input quantity is assigned to one frequency. It has to be ensured linear independency of 
the different frequencies and their higher harmonics thus avoiding aliasing effects among the 
input quantities. The respective sensitivity measures are called FAST sensitivity indices 
according to the method used to calculate them, the Fourier Amplitude Sensitivity Test. First 
order indices and total effects are estimable in the frequency domain by this method, too. 

If the question is asked, how to improve the variances of the output quantities, the answer is 
to reduce the variation of the input quantities respectively the measurements. To decide which 
sensor has to be improved, with other words which of the input standard deviations have to be 
reduced, the total effects of the variance-based sensitivity analysis give essential information. 

Within this paper the author only focuses on the fundamentals and the possibilities of 
variance-base sensitivity analysis and not on the details of the estimation of the sensitivity 
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measures. Therefore it is referred to [6] or [9]. Some examples related to geodesy are given in 
[8] and [12]. 

3. Models for Trajectory Estimation 
Typical examples for non-additive models are those describing the motion of moving objects. 
The motion may be described by time series of co-ordinates, the trajectories. Additional 
parameters to describe the motion may be orientation, velocity or acceleration. The numerical 
non-additivity of the model depends on the sampling rate and the velocity as well as the 
chosen model and its characteristics. 

For car positioning two algorithms are well-known for the determination of the trajectories. 
Both algorithms are Kalman filters to deliver optimal results in realtime. The measurement 
quantities are the input quantities in the sense of sensitivity analysis. The state variables of the 
Kalman filter are the output quantities, and the Kalman filter itself shall be understood as 
black-box model. The first approach was developed in [1] and [3], and describes the 
movement in two dimensions using low-cost sensors. The height was not taken into account. 
The second approach was developed in [11] for three dimensions using sensors of higher 
quality, and it was reduced to two dimensions for better comparison. For details regarding the 
models is referred to the literature above. Here in a first step the models will be regarded as 
black-box models. Table 1 summarises and figure 1 visualises the measurements and the state 
variables for the two approaches. 

 measurements state variables prediction remarks 
Appr. 1 DGPS co-ordinates, 

orientation differences, 
distances 

co-ordinates, 
orientation, 

velocity 

non-accelerated 
circle movement 
for one second 

measured orient-
tation change as 

regulating 
variable 

Appr. 2 DGPS co-ordinates and 
velocities, 

orientation differences, 
velocities 

co-ordinates, 
orientation, 

velocity, 
centripetal 

acceleration 

circle movement 
in 50 integration 
steps per second 

 

Table 1: Characteristics of the two approaches 

X

Y

velocity
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acceleration

orientation

|| X

Xi

Yi

trajectory

X

Y

Xi

Yi

trajectory

orientation
difference velocity 

epoch i

velocity epoch i- 1

Xi-1

Yi-1

distance

 
Fig. 1: State variables (left) and measurement quantities (right) for the two Kalman filters 
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The characteristic standard deviations given in table 2 and assumed normal distributions are 
the base for the simulations in chapter 4. The standard deviations are chosen according to the 
literature for approach 1 [4] and in appropriate relation for approach 2.  

Approach 1 Approach 2 
measurement sensor standard deviation measurement sensor standard dev. 
co-ordinates 
distances (d) 

 
orientation 
differences 

DGPS 
Odometer 

OSDS 
Odometer 

Gyro 

2 m 
0,0028 * d [m] 
0,001 * d [m] 

0,22 [gon/m]* d [m]
0,33 gon 

co-ordinates 
velocities (v) 

 
orientation 
differences 

DGPS 
DGPS 
OSDS 
IMS 

2 m 
0,28 m / s 

0,002 * v [m/s]
0,17 gon 

Table 2 : Simulated stochastic model of the approaches;  
with: OSDS = optical speed and distance sensor, IMS = Inertial Measurement System 

 

4. Variance-based Sensitivity Analysis for Trajectory Estimation 

4.1.  Comparison of Models 

The two filter approaches presented in chapter 3 are compared by variance analysis and by the 
variance-based sensitivity analysis method proposed in chapter 2. Both approaches are 
simulated for 10 epochs and a sampling rate of 1 Hz. The measurements were simulated with 
a sample size of 10 000 values for each input quantity due to convergence reasons. Finally 
600 000 input values had to be generated. The simulation was carried through assuming 
normal distribution using the standard deviations given in table 2. Different movement 
scenarios were simulated [13]. These scenarios cover different speed and acceleration levels 
as well as straight-forward, circle and clothoid movement. With other words, no curvature, 
constant curvature and linear curvature change are considered. The results for the different 
scenarios are not quite different. Due to this reason only two different scenarios for the two 
approaches are presented. The first one represents a straight-forward movement and an 
acceleration from 30 km/h to 70 km/h within the 10 seconds of the movement. The second 
scenario shows the same acceleration, but the drive was simulated on a clothoid with a 
minimum radius of 100 m. Figure 2 shows the two simulated trajectories. 

 

Fig. 2: Movement scenarios 1 (left) and 2 (right) (source: [13]) 

First of all we have to deal briefly with the variance analysis. The standard deviations of the 
co-ordinate state variables at the end of the ten simulated epochs vary between 1.0 and 1.7 m 
for approach 1 and 0.4 and 0.8 m for approach 2. These results reflect that the black-box 

3rd IAG / 12th FIG Symposium, Baden, May 22-24, 2006



  
 
 
 
approach 2 delivers more accurate results due to a more sophisticated functional and 
stochastic model.  

For the sensitivity analysis the influences of the measurements of each type e.g. the influences 
of the DGPS-measured Y co-ordinates were summarised for the ten epochs in groups. Figures 
3 to 6 show the total effects estimated by the FAST method of the input quantity groups for 
the output quantity and state variable, the co-ordinate Y: Y 1 for epoch 1, Y 2 for epoch 2, 
and so on. For the figures the following abbreviations are valid: 

• Y-GPS, X-GPS DGPS co-ordinates 
• vY-GPS, vX-GPS DGPS velocities 
• ds-ODSDS  distances of optical speed and distance sensor 
• v-ODSDS  velocities of optical speed and distance sensor 
• ds-Odom  distances of odometer 
• da-Odom, da-Gyro orientation differences of odometer resp. gyroscope 
• da-INS  orientation differences of inertial measurement system 

The heights of the columns do not give any information about the variance, but about the 
deviation from the additive behaviour. As stated in chapter 2 each column greater than 1 
indicates a non-additive model. The height of each sub-column represents the share of the 
respective input quantity in relation to the total variance. 

140 m straight line, acceleration from 30 km/h to 70 km/h

0

0,2

0,4

0,6

0,8

1

1,2

1,4

Y 1 Y 2 Y 3 Y 4 Y 5 Y 6 Y 7 Y 8 Y 9 Y 10

Y-GPS
X-GPS 
ds-OSDS
da-Gyro
da-Odom
ds-Odom

 

Fig. 3: Total effects for output quantity Y, approach 1, scenario 1  

Figures 3 and 4 illustrate the results of the sensitivity analysis of approach 1 for the two 
scenarios. The interpretation may be summarised in the following: 

• sensitivity analysis method: little numerical instability (differences in column height 
are not caused by vehicle dynamics), 

• model characteristic: non-additive (columns greater than 1), 
• sensitivity of input: influence of measured GPS co-ordinates in essential (more than 

80 percentage), 
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• sensitivity of scenario: may be neglected (the individual influences of the input 
quantities differ only due to the numerical instability). 

140 m clothoid, acceleration from 30 km/h to 70 km/h, 
radii down to 100 m

0

0,2

0,4

0,6

0,8

1

1,2

1,4

Y 1 Y 2 Y 3 Y 4 Y 5 Y 6 Y 7 Y 8 Y 9 Y 10

Y-GPS
X-GPS 
ds-OSDS
da-Gyro
da-Odom
ds-Odom

 

Fig. 4: Total effects for output quantity Y, approach 1, scenario 2  

140 m straight line, acceleration from 30 km/h to 70 km/h

0

0,2

0,4

0,6

0,8

1

1,2

1,4

1,6

Y 1 Y 2 Y 3 Y 4 Y 5 Y 6 Y 7 Y 8 Y 9 Y 10

v-OSDS
da-INS 
vY-GPS 
vX-GPS 
Y-GPS 
X-GPS 

 

Fig. 5: Total effects for output quantity Y, approach 2, scenario 1  

Figures 5 illustrates the sensitivity of approach 2 for scenario 1. Scenario 2 is neglected due to 
the similarity of the results. Regarding the influence of the DGPS co-ordinates and of the 
driven scenario as well as the non-additve behaviour of the model the same interpretation is 
valid like for approach 1. In comparison to approach 1 the numerical instability is more 

3rd IAG / 12th FIG Symposium, Baden, May 22-24, 2006



  
 
 
 
obvious. The reason for these instabilities is not clear up to now and demands for further 
research.  

Summarising the simulations the obvious result is that only more accurate GPS measurements 
would reduce the variances of the state variables. The use e.g. of high-quality gyroscopes 
would not lead to a reduction of the variance, because their share of the total variance is not 
essential as shown in the foregoing figures.  

4.2. Optimisation of Stochastic Model 

Up to now the two approaches were treated as black-box models. To optimise the models one 
has to know the model and to intervene. A look into the models reflects, that the stochastic 
models do not coincide with the simulated standard deviations. Especially the DGPS co-
ordinates accuracy was modelled too optimistic within the Kalman filter algorithms. Due to 
these differences the stochastic models were adapted to the realistic simulated variances and 
the movement scenarios were repeated. 

As a result of the variance analysis the standard deviations of the output quantities, here the 
co-ordinates in the state vector, are improved by a factor of 2 for approach 1 and a factor of 5 
for approach 2 reflecting the enormous potential of sensitivity analysis for optimisation. The 
representation of the total effects of the sensitivity analysis is restricted to the scenario 1. 

140 m straight line, acceleration from 30 km/h to 70 km/h

0

0,2

0,4

0,6

0,8

1

1,2

1,4

1,6

Y 1 Y 2 Y 3 Y 4 Y 5 Y 6 Y 7 Y 8 Y 9 10

Y-GPS
X-GPS
ds-OSDS
da-Gyro
da-Odom
ds-Odom

 

Fig. 6: Total effects for output quantity Y, approach 1, improved stochastic model, scenario 1 

The sensitivity analysis shows for approach 1 that orientation differences measured by the 
odometer gains importance in relation to other sensors, but the share of the DGPS 
measurements is still dominating (figure 6). This means that the improvement of the DGPS 
accuracy would still lead to a higher accuracy of the state variables. Looking at approach 2 a 
dramatic change of the shares has taken place (figure 7). Orientation differences measured by 
the inertial measurement system are the most important input quantities and the influence of 
the velocities measured by the optical speed and distance sensor is increased, too. In 
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contradiction the DGPS influence has been driven to insignificance. If one has to further 
improve the sensor configuration, the accuracy of the measured orientation differences has to 
be improved. 

140 m straight line, acceleration from 30 km/h to 70 km/h

0

0,2

0,4

0,6

0,8

1

1,2

1,4

Y 1 Y 2 Y 3 Y 4 Y 5 Y 6 Y 7 Y 8 Y 9 Y 10

v-OSDS
da-INS
vY-GPS
vX-GPS
Y-GPS
X-GPS

 

Fig. 7: Total effects for output quantity Y, approach 2, improved stochastic model, scenario 1  

5. Conclusions 
The paper reflects the problems regarding the analysis of non-linear models and proposes to 
use the variance-based sensitivity analysis. The possibilities to detect non-linear and 
especially non-additive models as well as the shares of the different input quantities of the 
overall variance of the output quantities are shown in general and numerically by examples 
for trajectory estimation. These examples obviously illustrate the importance of the combined 
use of variance and variance-based sensitivity analysis.  

The author showed that the variance-based sensitivity analysis is a very helpful tool to analyse 
black-box models and to optimise known models. The letter was demonstrated by an 
improved stochastic model. On the other hand the method could be used in the designing 
phase of a positioning system, avoiding the purchase of sensors that would not meet the 
requirements or that exceed the requirements by far. 

Nevertheless it is difficult to simulate extreme situations like extreme outlyers within the 
measurement values or phases of GPS outages with sensitivity analysis methods. For an 
analysis regarding these problems anyone has to deal with real data from driven trajectories. 
Investigations regarding optimisation of a Kalman filter for trajectory estimation may be 
found in [5]. 

One has to note that the DGPS measurements are correlated in time and space. However these 
correlations are not taken into account within the kinematic models of the Kalman Filter 
algorithms as well as for the Monte Carlo simulations. In [5] it is dealt with the 
implementation of the time-related correlations into a Kalman filter approach. The simulation 
and analysis of correlated input is still an open question to be investigated. 
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